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Recently Berkovits and Vafa have shown that the bosonic string can be viewed as the 
fermionic string propagating in a particular background. Such a background is described by 
a somewhat unusual = 1 superconformal system. By coupling it to = 1 supergravity 
I construct a local supersymmetric action for the bosonic string. 
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In a recent paper Berkovits and Vafa [|T| have shown how to embed the bosonic string 



into the = 1 superstring. After identifying a suitable = 1 superconformal system 
which could be used as a background for the = 1 string, they showed how the bosonic 
string amplitudes are reproduced by the fermionic string propagating on it. They also 
showed how to view the = 1 string as the N = 2 string moving in a particular back- 
ground, and were led to conjecture the existence of an "universal string theory" which 
contains all string theories as particular choices of the vacuum (see also ref. [0 for some 
interesting remarks on the search for an universal string theory). In this letter I analyze 
the structure of the A^ = 1 superconformal system used by Berkovits and Vafa to embed 
the bosonic string into the A^ = 1 string. I look at the classical limit of such a system and 
by coupling it to A^ = 1 supergravity I shall produce a locally supersymmetric action for 
the bosonic string. I will conclude presenting few comments on its quantization and on its 
relation to the usual bosonic string action. 

I start by recalling the Berkovits- Vafa superconformal system. It is realized on a 
matter system with stress tensor and central charge c = 26 plus an anticommuting 
bc-system {bi, ci) of spin (|, — |). The generator of the A^ = 1 superconformal algebra are 



and their OPE generates a superconformal algebra with c = 15. For simplicity I will 
consider the matter system as given by the usual 26 free scalar fields X*, and omit showing 
the index i in the following. By dropping the improvement terms in (|^), i.e. considering 
the generators 



and keeping only single contractions in their OPE, one obtains a classical superconformal 
algebra without central charges. Such a superconformal algebra, together with its right- 
moving counterpart, describes the classical symmetries of the action 



G = bi + ci{T^ + dcibi) + h^ci 
T = Tm- -bidci - -dbici + -d^ 



(ci^ci). 



(1) 



Go = bi + c,i--{dXf + dc,bi) 
To = --{dXf - -bidci - -dbici, 




(3) 
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The super symmetry transformation rules can be easily computed from the generators and 
read 

5X = ecidX + ecidX, 

6ci = e(l + ci<9ci), 5bi = d{ecibi) - e{^idX)^ + hdci) , (4) 

5ci =e{l + cidci), 5bi =d{ecibi) -e{hdXf + bidci), 

where 9e = and dt = 0. This realization of supersymmetry is quite unusual. It looks 
spontaneously broken {bc\ = e + . . .) and it is non-linearly realized. For this last reason 
it is difficult to rewrite the model with superfields and couple it to supergravity using 
standard superspace techniques. However, one can follow another well-known path, that 
of using the Noether method to gauge global symmetries. This was in fact the strategy 
used in to construct a locally supersymmetric action for the spinning string. I will now 
follow the same path for the Berkovits-Vafa supersymmetric model and obtain a locally 
supersymmetric action for the bosonic string. The coupling to gravity is straightforward. 
One introduces the vielbein e^" and Lorentz covariant derivatives Va = Ga^d^ + uJaJ, 
where the flat index a takes the values (-H-, =), J is the Lorentz generator which measures 
the Lorentz spin, and Ua is the spin connection. These derivatives satisfy the relation 
[V^, V^] = RJ, with R the curvature scalar^. Gauging the supersymmetry requires the 
introduction of the gravitino flelds = X+n^^^ cind X-= = X_m^^=- '^^^ Noether 
method shows then the need of a linear coupling to the supercurrents as well as a term 
quadratic in the gravitino. The invariant action is 

S=l- f(fx e[^V^XV^X + biV^ci+biV^ci + x^^G^^+X+^G_ 

J (5) 

where 

G^^ = 61(1 + ciV^ci) - ^ci(V^X)2 

1 (6) 
G_ = 61(1 + ciV.ci) - -ci(V^X)2, 

and where (61, ci, 61, ci) are Lorentz tensors with spin (|,— |,— |,^). It is manifestly 
reparametrization invariant, and the supersymmetry transformation rules on the matter 

^ The Lorentz metric is: rjj^^ = — ^) Vab = otherwise. The notation used here has been 
fully described in appendix A of ref. Q. 
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fields are as follows 



SX = {e- eciX_^)ciV^X + (e - eciX+^)ciV^X 
5ci = e(l + ciV^ci) + ex_^ci 
5ci = e(l + ciV^ci) + ex+ = ci 

Sbi = V^(eci6i) - e(i(V^X)2 + feiV^ci) - ecix+^ V^XV^X (7) 

- 3ex_^fei + X-=X+^ (ciCie(V^X)2 - 2e6iCi) 
56i = Vjecih) - e(^(V^X)2 + hV^ci) - ecix_V^XV^X 

The transformation rules for the supergravity multiplet are the standard ones, written here 
without the use of the gamma matrices 

'5x_^ = V;,e + (x_mX-+ - X+AtX+=)e 
<^X+At = V;,e+ (x+AtX+= - X-MX-4h)^- 

Alternatively, one can deduce the transformation rules for the gravitino with flat indices, 
which appears directly in the action 

<^X-= = e + ex_^ X-= - 2ex+= X-= , <^X-+ = ^ + ex+= X++ - 2ex+^ X-= , 

(9) 

'5x++ = V^e + ex+=X++ - 2ex_^X++, '^X+= = V^e + ex_^X-= - 2ex_=X++- 

Note that the action is super- Weyl invariant since it is manifestly independent of the fields 
and x+=- 

One may use the action (|]) in a Polyakov approach to compute string amplitudes. 
When quantizing the matters fields (X, 61, ci, fei, ci) in the supergravitational background, 
one discovers anomalies that, however, can be canceled by counterterms. This can be seen 
most easily by first choosing the conformal gauge and then checking that the anomalies, 
which now appear in the BRST algebra, are canceled by counterterms. Let's consider for 
example the embedding of the bosonic string into the X = (0, 1) heterotic string. The 
corresponding X = (0, 1) locally supersymmetric action is obtained by setting the fields 
X+^ = fei = ci = in (H) and (|^). I quantize it by using the Batalin-Vilkovisky method for 



lagrangian quantization [|5| (for a review see ref. 0). I choose the conformal gauge and 
obtain the foUowing gauge-fixed action-^ 

S= - [(fx \-dXdX + hidci + hdc + (3d'-i + X*{c- -fCi)dX 
n J '-2 

+ cl{-cdci + -dcci + 7 + 7Ci9ci) 

(10) 

+ bl {-cdh - hcbi + c>(7Ci&i) - 'yi^idX)^ + bidci)) 

+ c*{~cdc + 7^) + 7*(cc>7 - ^jdc) - b*iTo + Tgu) - (Go + Ggh)] 

where [b, c) and (/3, 7) are the ghosts for the reparametrization and local supersymmetry, 
To and Go are given in (H), and 

Tgh = -2bdc - dbc - Ipd-f - l-d(3-f 

3 ^ ^ (11) 

Ggn = -cdP--dcP + 2'yb. 

The starred fields, called antifields, are sources for the BRST variations. The gauge-fixed 
action in (10) satisfies the classical master equation of Batalin-Vilkovisky^: {S,S) = 0. 
However, at the quantum level it must satisfy the quantum master equation: {S, S) = 2 AS. 
One can think of A as to the operator which computes anomalies in the BRST symmetry. 
The quantum master equation can be satisfied if such anomalies are canceled by the BRST 
variation of appropriate counterterms (which are then included in the action appearing in 
the quantum master equation). In our example this is achieved by adding to (jl^) the 
following counterterms^ 

Set = d'x [bli^d^cc, + d'cdci + h'j) - b*^^\c^^c^) - P*l^'c^] (12) 

These counterterms describe nothing else than the improvement terms present in (|1|), 
needed to close the BRST quantum algebra. 

Now I comment on the relation of the action ( PDD to the usual action for the bosonic 
string, again employing the Batalin-Vilkovisky formalism. In such a formalism canonical 



^ For simplicity, I consider here only the relevant (supersymmetric) chiral sector. 

^ The definitions of the antibracket ( , ) and of the operator A appearing in the quantum 



master equation are standard. See refs. ||5|,|^. 

^ In computing loops and anomahes one ne 
analyticity in configuration space, as standard in two dimensional conformal field theory. 



^ In computing loops and anomalies one needs to specify a regularization scheme. Here I use 
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transformations are typically used to gauge-fix and to redefine variables (in fact, the process 
of gauge-fixing can be thought of as a particular field redefinition). Canonical transforma- 
tions are specified by a fermionic generating function \1/ and are defined by — > 0' = e"^* </>, 
where is a field or an antifield, and C^jcj) = (p). Performing a canonical transformation 
on (^) with 

= y (fx [f3*bci + blbj - c*7Ci] (13) 

redefines variables so that the coordinates X become inert under "supersymmetry" . A 
second canonical transformation generated by 

^2 = y d^x ^ [pycidci - 7*7Ci5ci - bt (a(/37Ci) + f^-fdci)] (14) 

simplifies the BRST transformation rules in the (6i,ci,/3, 7) sector and a final canonical 
transformation generated by 

^^3 = jd^x [j*{-cdci + ^dcci)-bl{cd(3+^dcP)-b*{^cid(3+^dciP)] (15) 

achieves the decoupling of the BRST "reparametrizations" rules from such a sector. One 
is left with the following action 

^ = i [d'^x \-dXdX + bdc + bidci + (3d'y 

vr J 2 ^^g^ 

+ X*cdX + c* {-cdc) - b* {-l-{dXf - 2bdc - dbc) + cIj - f3*bi] 

which shows that the fields (ci, 7) and (/?, b\) are just non-minimal fields 0,0. They can 
be dropped for free, since they carry no BRST cohomology. This can be easily seen by 
performing an additional canonical transformation generated by \l/4 = Jd'^xf3{ci — dci) 
to simplify their kinetic term. Now they can be trivially eliminated, and one is left with 
the standard gauge-fixed action for the bosonic string. What I have just described is a 
different way of viewing the equivalence (though at the classical level) between the = 1 
string propagating on the Berkovits-Vafa type of background and the usual bosonic string. 
The quantum version of the canonical transformation here described has been also found 
in a recent paper by Ishikawa and Kato [0 . 
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